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Abstract

Gould [14] considered a class of genelized humbert polynomials and srivastava [23] introduced a
class of generalized Hermite Polynomials, then Chandel [6],[7] considered a generating function. In the present paper
we introduce associated polynomials for the polynomials difined by [8],[9],[10] and [11], we also introduce
polynomials related to the polynomials defined by [1],[2],[12] and [22].
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1. Introduction

Gould [14] considered a class of generalized Humbert polynomials defined by
(1.1)  (C—mxt+yt™P =37 B.(mx,y,p C)t".
where m is positive integer and other parameters are unrestricted in general.

gn(xrs) _ 01

Panda [19] introduced polynomials {T ,1, ...} generated by

xt

12 @a-v7¢ ((1_;) = Ln=0gn(x, 7, 9)t",

where c is arbitrary, 7 is any integer positive or negative and s=1,2,3,... .

On the other hand Srivastava [23] considered a class of generalized Hermite polynomials defined
by the generating function

(13) Tt == Glmxt —t™),

and in (1.2)

where
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(14) G2 =XaoVn 2"

To unify the study of the three general classes of polynomials defined through (1.1), (1.2) and (1.3),
Chandel [6] considered a generating function

(15) (€ —mat +yt™)PG [—T2

— p n

(C—mxt+ytm)r] ano Rn (m' LY, C)t ’

where m,s are positive integers, other parameters are unrestricted in general and G(z) is given by (1.4). He also
D"

n! -’

discussed the interesting special case where y,, =

T'tS .
(1.6)  (C—mxt + yt™)Pexp [(C_,,i:tw] = Ym0 Gy (m,x,y,7,5,O)t"™.

Further to study associated polynomials, Chandel and Bhargava [4] considered the special case of
(1.5) fory, = @n r, m=2.

o
xrTtS ]—q

— 2\p - -
(1.7)  (C—2xt + yt“)Pexp [1 C2xiry oy

[ee]

= Z B,(lp'q)(Z,x, y, 1,8, C)t™

n=0
Prompted by (1.5), Chandel and Dwivedi [5] considered another generating function :

TS o
(1L8) (€= mxt +yt™)P6 [ oms] = B RiOm s, O,

="

n! -’

different from (1.5), He also considered their special cases when y;,, =

yres
(C—-mxt+yt™)T

(1.9)  (C —mxt + yt™)Pexp [— ] =Yy EF(m,x,y,7,5 C)t",

and when y,, = %.
— myp [ — et 177
(1.10) (€ — mxt + yt™) [1 (C_mxt+ytm)r]

= Z E,(lp‘q) (m,x,y,1,s,C)t",

n=0
but in no case he tried to introduce associated polynomials.

In this paper, we shall introduce associated polynomials for the polynomicals defined by (1.10) and

[81,[9],[10].
Further Dwivedi [11] considered another generating function

(1.11) (€ —mxt + yt™)PG [ riat

(C—-mxt+yt™7"

] = Y=o Cr (m,x, y,7,5,O)t™,

_\n
with z independent of x and y. He also considered its special cases for y,, = % andy, = %.
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To study associated polynomials of class (1.11) Chandel and Dwivedi [3] considered by the case
=n"

n!

of y, = , s=r and m =2.
rTzts
(C—2xt+yt2)"

(1.12) (€= 2xt +yt})Pexp[1- | = S0 R @ xy.m,5,O)t™.
Now in the present paper we shall also introduce polynomials related of the polynomials
[11,[2],[121,[20] and [22] for which 7, = L2 5= and m =2.

T o

rTzts
(C—-2xt+yt2)T

p.q
{W =0,1,2,...}, For s=r, m=2. (1.10) defines

—-q
1.13) (C—2xt +yt?)?|1— =yo MPD2 xy1s Ct"
y n=0 n y

2. The Polynomials

rTytS

-q
(C—2xt+yt2)r] = Xn=o Fn(p‘q)(z' x,y,1,5 0)t",

@1 (C—2xt+yt?yP[1-
Consider

22) Y2, APy, r, ) FEPV(2,x,y,7,7,0) = 0
and

2.3) APV (x,y,7,C) = 1.

Therefore

1=y2  t"yn_, Ag(p.q) (x,y,1,C) Fn(f,:k’Q)(Z, x,y,1,7,C)
=y®  yn, Ag(p,q) (x,y,1,C) Fn(f,:km 2,x,y,7,1,C)t"*
=¥ Ag(p,q) (x,y,7,0)tk ¥, Fn(f,:km 2,x,y,1,1,0)t"

rTyts ]—q

_\mn ®9) (,.j kj _ 2yp-q |1 "y
Y=o Ar " (x!,y, 1, Ot I (C — 2xt + yt*) [1 CzrtiyiT

=(C — 2xt + yt2)? [1 o Tyt

—q .
_ryt n () t
C—2xt+yt2)’”] Yi=04x " (xy.m, C)(

c-2xt+yt2)k

Thus

rTyeS q
2.4)  (C - 2xt + yt?)~P [1 - ét]

(C-2xt+yt2)T

.9
= A ) ) IC
; 0 @y 0) [(C — 2xt + yt2)k

Take t/(C — 2xt + yt?) = w
Therefore
p
25 T A?? yr,Ow' = (7) [1-rTyw'

where
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(2.6) t= 2xwW+1+,/(2xw+1)2—4ycw?

2xy

Thus

. Gz —ayew?] P
(2.7) Y, A1(117 )] (x,y,1,C)w" = [2xw+1+ (2xw+1)2-4ycw [1—r"yw]e

2yw?
3. Applications of Generating Relation. An appeal to generating relation (2.7) gives
G APy, 0) = 520 AP Gy, QAT (1,1, 0,
which can be generalized in the following form:

(32) Aglp1+"'+pmrﬂh+"'+qm)(x,y’ T, C)

- z Agf'q) (x,y,7,C )Agim'qm) (x,y,1,C)
i+ Fim=n

An appeal to (2.7), further shows that
33)  APTVyr 0 = AP @y, Oy AT (x,y,7,0)
G4 APy r 0 = AV (Y., O,

Y f r.\k
35 APy, 0) = i AT, (x,y,7,0) 4 w

(.6) APV y,r,0) = S AT ey, AT e, y,7,0),
and
37 APD(x,y,7,C) = Xr_ o AP (x,y,7, AP (x,y,1,C) .
4. The Polynomials {N,(la’b‘c’d) (x,y,1,0)/n=0,1,2, ... }
Consider
@4.1) NP Dy rC)=3¥0, Agca'b) (x,y,1, C)F,ff;k‘d) 2,x,y,r,1,0),

Therefore

Z Nr(la'b;c'd) (x,y,1,0) t"
n=0

e} n
= Z Z A9 (x,y,7,C) EFD(2,x,y,1,7,C) "
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B Z AP (x,y,7, C)E(C — 2xt + yt1)E7* |1
k=0
rTyt" -d
=|1- C — 2xt t2)e
[ (C—2xt+yt2)r] ( xt +yt*)

(@b)
APy, 0|
; k- @yl (C = 2xt + yt2)"

Hence

42) X NPED(x, y, 7, O

Tyt (d-b)

(C = 2xt + yt?)"

= (C — 2xt + yt*)‘@ [1 -

= Z Fn(c_a‘d_b)(z, x,y,1,7,C)t"

n=0

Thus
4.3) N,Sa'b;c’d) (x,y,7,C) = Fn(c_a'd_b)(z, x,y,7,1,C).
For a=c, (4.2) gives

rTye”

b—d
(C—2xt+yt2)r]

@4)  NEPED Gy, Ot = [1 -
For b=d, (4.2) gives

oo (a,b;c,d) n_ 2\c—a
(45) Zn=0Nn (x'y,rf C)t - (C - th +yt ) N
For a=c, b=d.
(4.6) XN D (e, y,r, Ot = 1.

By an appeal to (4.2), we have

(o2}

Z Nrga+a',b+b';c+c',d+d')(x’ V1, o)tn

n=0

= (C — 2xt + yt?)ere’~(a+a) [1 — Ty ]
(C — 2xt + yt2)r
—(d-b
= (C — 2xt + yt?)c @ [1 - Xyt ] “r
(C — 2xt + yt?)"
-(a'-b"

r’yt” ]

C — 2xt + yt? [1—
( Xt +ytt) (C —2xt + yt?)"

= Z N,Ea'b’c‘d)(x, v,7, C)Nrgf,;b el )(x, y,7,C)t"
n=0
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Hence

a+a’ ,b+b’;c+c’ d+d’
Nk( )(x, v,

4.7 r,C)

(oo}

= Z N,Ea’b;c'd) CRAS C)Nrgc_l,;b el )(x, y,1,C),

k=0
which can also be generalized in the form

+odap,by 4 4bpicy+o e, dy+o+d
(48) N}Eal an,D1 n:C1 Cnady n)(x’y',r.' C)

= Z n{PIad) (g 1, €) L NmPmimAm) (., y 1, ),

i1+ +im=n
An appeal to generating relation (4.2) also shows that

abra’,b’
(

49) NP,y r,C) = ¥ 0N @y, ON D, y,7,0).
5. The Polynomials {R,(la‘b‘c‘d) (x,y,1,0)/n=0,1,2, ... }

Consider

(5.1) R,(la'b;c’d) (x,y,1,0) =Y} AGRD) Y7, C)Fk(c‘d) 2,x,y,r,1,0).

=0“'n—-k
Therefore
Z R,(Ia‘b;c'd) (x,y,7,C)w"
n=0
[oe] n
= Z Z ALED (x,y,7, ) EEP (2, x,y,1,7,C) wh
n=0 k=0
= z Fk(c'd) @2,x,y,r,1C)wk Z A;“""”) (x,y,7,C)wh
k=0 n=0
had w a—k
= Z Fk(c’d)(Z,x,y, r,1, C)wk (?) (1 —rTywh)b
k=0
Wh @ -
= (?) 1 —=r"ywn)? Z Fk(c'd)(Z,x, y, 1, C)tk
k=0
wH @ b , ryt” a
=|— 1—7r"yw")?(C — 2xt + yt C[l—
(t) ( rTyw) ( xt+yt%) (C — 2xt + yt?)
NG bt ¢ a
— — T T - — T -
S e (£ 0
t
[Here C-2xt+yt2 w]
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Wh =€
= (?) [1 _ rrywr](—d+b)

= Z A= (i y  C)wh
n=0

Hence

5.3) Y2, R,(la’b‘c’d) (x,y,7,C) = A;“‘C""d)(x, y,r,C).
For C=a

(54) IRy, 0wt = [1-rTywT]P
and for d=b

t

. c—a
(55) TRVl y,r, 0w = (£)

_|2xw +1 +\/(2xw+ 1)? — 4ycw? e
B 2wy

For c=a, d=b, (5.2) gives
(56) SRRy, Owt =1
Again by an appeal to generating relation (5.2), we derive

(5.7 RV (x y,r,C)

n

= Z RE4eD (x,y,7, OORET D (x,y,7,0),
k=0

(a+a'b+b';c+c’ d+d")
R, (x,y,

(5.8) r,C)

n
. P gl
= Z R,((a'b'e‘f)(x, Y7, C)Rr(la_,'(b e )(x, y,1,0),
k=0

An appeal to generating relation (4.2) also shows that

ag+otambytotbpic+tem,dy +o+d
(5.9) R"(l 1 mY1 m,t1 m41 m)(x,y’.r’ C)

= ) ROy, ) L RO Gy, 1, 0,
i1 +Him=n
. (X)) —
6. Polynomials {An (x,y,r,0)/n=0,1,2,..1.

Consider

6.1) Y AP (x,y,r,C)MP V12, x,y,2,7,7,C) =0
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and

62)  APP(x,y,7r,0) =1

Therefore,
(o] n
1= Z ¢n Z APD (x,y,7,C) MP KD (2,x,y,2,7,C)
n=0 k=0
(o n
_ A(p,q) (x C (p-k,@) n+k
- k ’y;r; )M‘n (lelylzlrlc)t
n=0 k=0
_ .9 k (p-k.q) n
= AV (x,y,z,1,0)t M, 2,x,y,z,7,1,C)t
ki=0 n=0
ke r T
.9 K 2\p—k ryt
= A Y, 2Z,17,C)t* (C — t+t7’[1—
kZ_O k" Y,z O (€ = mxt + yt5) (C —2xt + yt2)"
Hence

rTzt” q
(C—2xt+yt2)r]
[ee]

= Z ASCP'Q) (x,y,2,7,C)

k=0

6.3)  (C—2xt + yt?)~P [1 -

£k
(C —2xt + yt2)k’

Therefore, generating relation for Ai{"‘” is
P
(6.4) (%) [1—2zr'w']? = Y2, APV (x,y, 2,7, C) wh

where

65 ———=w

C—2xt+yt?

The generating relation (6.4) can also be written as

6.6) Yoo APD(x,y,z,1,C)w"

|2xw + 1+ \/(wa + 1)2 — 4ycw? _p
B 2wy

[1—7r"zw"]9

7. Applications of generating relation (6.6). An appeal to generating relation (6.6) shows that
(7.1) Aglpﬂ’ ava )(x, v,z,7,C) =Yhoo Aglp__lq) (x,y,z,1,C) A(kp 4 )(x, v,2,71,C),

(72) A;p1+"'+pmrQ1+‘“+Qm) (x’ y,2,7, C)

= Z A;fi'ql)(x, y,2,71,C) ...Ag;”‘qm)(x, y,2z,1,C),

kq+-+km=n
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—_q' q') (r"z)k
(7.3) Aﬁf"q ? )(x,y, z,7,C) = Y g0 @) @y )qk!

(7.4) A;”"?“)(x,y, z1,C) = A;p‘q)(x, y,2,7,C) =1 ZA(p q)(x y,2z,1,C),
(7.5) A;”"”(x, v,z,7,C) = ﬁ=0A$1p__kpl'q_q’)(x, y,2,71,C) A(kp"q’)(x, y,2,1,C)
(7.6)  APD(x,y,z,7,C) =¥ (p p q)(x y,er)A(pq q)(x y,2,1,C)
and

1.7 APD(x,y,z,7,C) =¥ (qp)(x Y, 2,7, C)A(p 9P (x y, 7,1, C).

8. Differentiation and Applications.

Differentiating (6.4) partially with respect to z, we have
8.1) %A;p'q) (x,y,2,1,C) = —qrr APV (x,y,2,1,0).
Hence by iteration, we obtain

am
(8.2) az—mA;p'q) (x,y,2,7,C)

_ 1
= (— - e -m+ Z XY, =7, .
(~D"a(q = 1) . (g = m + DAL (x,3,-,7,C)
Replacing z by 1/z, we have

F] m
83)  (222) AP?(x,y,27,0)

_ 1
= 4@ =D (g = m+ DALY (x,,77.C).
Therefore
84) e {aAPV(x,y,2,7,0)}
min([n/r].q) "
q
= Z Aslp ‘imm) (x, e C) . (m) rme™m
m=0

where 0 = 22 2,

0z

Now making an appeal to

8.5) e {f(2)} = f(z/1-1),
we derive from (8.4)
(8.6) A;M) (x,y,z—t,r,C) = ymindn/rla) ym (q) rmA;p imm) (x,y,2,71,0).

m=0 m

Now taking z=0 and replacing ¢ by (-z), we derive
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87)  APV(y,2,7,0) = Zp MO g (1) AT (x,,0,7,0),

m=0 m n-rm
which can also be obtained by Maclaurine’s series expansion.
9. The Polynomials {Nfl“’b‘c‘d) (x,y,1,0)/n=0,1,2, ... }
Consider

(9.1) N,Ea'b;c’d) (x,y,2z,71,C) =Y1_, A;“'b)(x, y,z,7,C) M,(f__kk'd) (x,y,z,1,7,C)

Therefore,

(o0}

Z A;“""C'd) (x,y,z,1,C)t"

n=0

[oe]

n
= z A,(la'b) @, y,2,1,C) Mr(lp_;k’d) 2,x,y,z,r,r,C)t"
n=0 k=0

Z AE{alb)(x’ y; Z; r; C) tk Z M‘Elc_k,q) (2' ‘x' y’ Z’ r' r’ C) tn
k=0 =

n=0

[ee)

= Z Agca’b)(x, y,z,1,C)th (C — 2xt + yt?)c™*
=0

[1 rizt" ]
(C — 2xt + yt?)

-d

-d

rizt” ]

= (C — 2xt t“[l—
( xt+ ytt) (C — 2xt + yt?)"

(a,b)
A ) ’ ’ lC
kz_o o Gy )[C—th+yt2]

Now making an appeal to (6.3), we derive

9.2) X NEPD(x,y,2,7,C)

T ~(d-b)

(C — 2xt + yt2)"

= (C — 2xt + yt?)c ¢ [1 -

= Z ME* D2, x,y, 2,1, 7, Ot

n=0

Hence
(9.3) N,Ea'b’c'd) (x,y,2z,71,C) = M,(f_a‘d_b)(Z, x,9,2,1,7,C)

For a=c (9.2) gives

o (a,b;c,d) n_[q_ =z’ b
(94) an() Nn (xl y’ Z: T', C)t [1 (C—2xt+yt2)r]

26
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for d=b, (9.2) gives

9.5 Y2, N,Ea’b‘c‘d) (x,v,z,1,C)t"=(C — 2xt + yt?)c ¢
Again if a=c, b=d, we derive from (9.2)

9.6) Y=, N,Ea’b‘c‘d) x,y,zrOth =1

Further, making an appeal to generating relation (9.2), we establish

(a+aﬂb+bﬁc+cﬂd+d®

9.7y N, (x,y,2,1,C)

= Z NP D (x, y, 2,7, C) N,Ea behd )(x, y,z,7,C),

n=0
which can be further generalized in the form

ai+-+apbit+o+bpicy+tendi+o+d
(9.8)  NyrtTabE Gt (7,7, )

= Z Ni(lal'bl:cl'dl) (x,v,2,7,C) ... Ri(rim‘bm;cm'dm) (x,y,1,0).

iy +Fim=n

Again starting with generating relation (9.2), we can further derive

(9.9) N,Ea'b;c’d) (x,y,2,1,C)

(oo}

= Z ,Ei':;a ’ )(x, v, z71,C) N,Ea b ;a'b)(x, v,z,1,C)
k=0

(a,b,c.d)

10. The Polynomials {% =0,1,23,.. }

Consider

(10.1) R (x,y,z2,7,C)

n
= Z AP e, y, 2,7, 0) MED(2,x,y,2,1,7,C)
k=0
Therefore,

Z RYPD (x,y, 2,7, C)w"

n=0
= Z Agca_k‘b)(x, y,z,1,C)w" M,Ec'd) 2,x,y,z,1,7,C)wk
k=0n=0
© ( d) w a—k
= Z M2, x,y,2,1,7,C) wk (?) (1—zrrwm)P
k=0
[by (6.4)]
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WA @ d
= (?) (1 - ZT'rWT)b Z M’EC.d) (2’ X, y’ zZ,71,7, C) tk

k=0

—(W)a(l W€ — 2xt + tZ)C[1 rat’
T\t W Ty (C = 2xt + yt2)"

-

Therefore

a

(1—zr'w")? <£)C [1—zr"w"]~¢

w

(10.2) ¥, R,(la'b;c’d)(x, y,z,71,C)w" = (?)a_c (1 —=zrrw™)?
which by an appeal to (9.6) gives

(103) REP“D(x,y,2,1,C) = AL D (x,y,2,7,C)

For a=c, (10.2) gives

(20.4) Y2 RWPD(x y 7 1 C)wm =[1 — zr"wT]P~4

and for b=d, (10.2) gives

t\¢~

. a
(10.5)  Zio R (e, y, 2,7, Cow™ (=)

_|2xw+ 1+ \/(2xw +1)2 — 4ycw? e
B 2wy

while for c=a, d=b, (10.2) gives
(10.6) Y2 o RWPD(xy z,r,C)w™ = 1
Making an appeal to generating relation (10.2), we derive

(10.7)  R@P*D(x y 7,7,C)

n
= Z RYeD (x,y,2,7,C) RET“D(x,y,2,7,0),
k=0

and

(10.8) R"(la+a ,b+b'ic+c’ d+d )(x’ y,

z,71,C)
n
N
= Z Rr(l‘fi:c‘d) (x,y,z,71,C) R,Ea bhiend )(x, v, z,1,C).
k=0

Here (10.8) may be further generalized in the form:

(10.9) R£a1+---+am,b1+---+bm;c1+~-+cm,d1+<--+dm) (x’ v,2,7, C)
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= Z Nl.(lal‘bl)(x, y,2,7,C) ... Rl.(;m‘bm) (x,y,1,0).

i1+ tim=n
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