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Abstract 

  Gould [14] considered a class of genelized humbert polynomials and srivastava [23] introduced a 

class of generalized Hermite Polynomials, then Chandel [6],[7] considered a generating function.  In the present paper 

we introduce associated polynomials for the polynomials difined by [8],[9],[10] and [11], we also introduce 

polynomials related to the polynomials defined by [1],[2],[12] and [22]. 
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1. Introduction 

  Gould [14] considered a class of generalized Humbert polynomials defined by 

(1.1) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝 = ∑ 𝑃𝑛(𝑚, 𝑥, 𝑦, 𝑝, 𝐶)𝑡𝑛∞
𝑛=0 . 

where m is positive integer and other parameters are unrestricted in general. 

  Panda [19] introduced polynomials {
𝑔𝑛

𝑐 (𝑥,𝑟,𝑠)

𝑛
= 0,1, … } generated by 

(1.2) (1 − 𝑡)−𝐶𝐺 (
𝑥𝑡𝑠

(1−𝑡)𝑟) = ∑ 𝑔𝑛
𝑐 (𝑥, 𝑟, 𝑠)𝑡𝑛 ,∞

𝑛=0  

where c is arbitrary, r is any integer positive or negative and s=1,2,3,… . 

  On the other hand Srivastava [23] considered a class of generalized Hermite polynomials defined 

by the  generating function 

(1.3) ∑ 𝛾𝑚
(𝑥) 𝑡𝑛

𝑛!
=  𝐺(𝑚𝑥𝑡 − 𝑡𝑚),∞

𝑛=0  

and in (1.2) 

where 

 
1 How to cite the article: Chauhan S.S., Srivastava H., Chauhan S.S. (October, 2025); On Some Associated Polynomials Defined Through 

Generating Functions; International Journal of Research in Science and Technology; Vol 15, Issue 4; 17-30, DOI: 

http://doi.org/10.37648/ijrst.v15i04.003 

http://www.ijrst.com/


International Journal of Research in Science and Technology                                              http://www.ijrst.com 

 

(IJRST) 2025, Vol. No. 15, Issue No. 4, Oct-Dec                                       e-ISSN: 2249-0604, p-ISSN: 2454-180X 

 

18 

 

INTERNATIONAL JOURNAL OF RESEARCH IN SCIENCE AND TECHNOLOGY 

 

(1.4)  𝐺(𝑧) = ∑ 𝛾𝑛 𝑧𝑛,∞
𝑛=0  

  To unify the study of the three general classes of polynomials defined through (1.1), (1.2) and (1.3), 

Chandel [6] considered a generating function 

(1.5) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝𝐺 [
𝑟𝑟𝑥𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟] = ∑ 𝑅𝑛
𝑝

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛,∞
𝑛=0  

where m,s are positive integers, other parameters are unrestricted in general and G(z) is given by (1.4). He also 

discussed the interesting special case where 𝛾𝑛 =
(−1)𝑛

𝑛!
. 

(1.6) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝𝑒𝑥𝑝 [
𝑥𝑟𝑟𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟] = ∑ 𝐶𝑛
𝑝

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛.∞
𝑛=0  

 

  Further to study associated polynomials, Chandel and Bhargava [4] considered the special case of 

(1.5) for 𝛾𝑛 =
(𝑞)𝑛

𝑛!
, s= r, m=2. 

(1.7) (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝𝑒𝑥𝑝 [1 −
𝑥𝑟𝑟𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
−𝑞

 

= ∑ 𝐵𝑛
(𝑝,𝑞)

(2, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛.

∞

𝑛=0

 

Prompted by (1.5), Chandel and Dwivedi [5] considered another generating function : 

(1.8) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝𝐺 [
𝑦𝑟𝑟𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟] = ∑ 𝑅𝑛
𝑝

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛,∞
𝑛=0  

different from (1.5), He also considered their special cases when 𝛾𝑛 =
(−1)𝑛

𝑛!
. 

(1.9) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝𝑒𝑥𝑝 [−
𝑦𝑟𝑟𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟] = ∑ 𝐸𝑛
𝑝

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛∞
𝑛=0 , 

and when 𝛾𝑛 =
(𝑞)𝑛

𝑛!
. 

(1.10) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝 [1 −
𝑦𝑟𝑟𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟]
−𝑞

 

= ∑ 𝐸𝑛
(𝑝,𝑞)

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛

∞

𝑛=0

, 

but in no case he tried to introduce associated polynomials. 

  In this paper, we shall introduce associated polynomials for the polynomicals defined by (1.10) and 

[8],[9],[10]. 

  Further Dwivedi [11] considered another generating function 

(1.11) (𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡𝑚)𝑝𝐺 [
𝑟𝑟𝑧𝑡𝑠

(𝐶−𝑚𝑥𝑡+𝑦𝑡𝑚)𝑟] = ∑ 𝐶𝑛
𝑝

(𝑚, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛∞
𝑛=0 , 

with z independent of x and y. He also considered its special cases for 𝛾𝑛 =
(−1)𝑛

𝑛!
 and 𝛾𝑛 =

(𝑞)𝑛

𝑛!
. 
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  To study associated polynomials of class (1.11) Chandel and Dwivedi [3]  considered by the case 

of  𝛾𝑛 =
(−1)𝑛

𝑛!
, s=r and m =2. 

(1.12) (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝𝑒𝑥𝑝 [1 −
𝑟𝑟𝑧𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟] = ∑ 𝐸𝑛
𝑝

(2, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛∞
𝑛=0 . 

  Now in the present paper we shall also introduce polynomials related of the polynomials 

[1],[2],[12],[20] and [22] for which 𝛾𝑛 =
(𝑞)𝑛

𝑛!
, s=r and m =2. 

(1.13) (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝 [1 −
𝑟𝑟𝑧𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
−𝑞

= ∑ 𝑀𝑛
(𝑝,𝑞)

(2, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛∞
𝑛=0 . 

2. The Polynomials {
𝑨𝒏

𝒑,𝒒
(𝒙,𝒚,𝒓,𝑪)

𝒏
= 𝟎, 𝟏, 𝟐, … }, For s=r, m=2. (1.10) defines 

(2.1)  (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝 [1 −
𝑟𝑟𝑦𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
−𝑞

= ∑ 𝐹𝑛
(𝑝,𝑞)

(2, 𝑥, 𝑦, 𝑟, 𝑠, 𝐶)𝑡𝑛∞
𝑛=0 , 

Consider 

(2.2) ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶)∞
𝑘=0 𝐹𝑛−𝑘

(𝑝−𝑘,𝑞)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶) = 0 

and 

(2.3) 𝐴0
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) = 1. 

Therefore 

1=∑ 𝑡𝑛∞
𝑛=0 ∑ 𝐴𝑘

(𝑝,𝑞)𝑛
𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶) 𝐹𝑛−𝑘

(𝑝−𝑘,𝑞)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶) 

=∑ ∑ 𝐴𝑘
(𝑝,𝑞)𝑛

𝑘=0
∞
𝑛=0 (𝑥, 𝑦, 𝑟, 𝐶) 𝐹𝑛−𝑘

(𝑝−𝑘,𝑞)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)𝑡𝑛+𝑘 

=∑ 𝐴𝑘
(𝑝,𝑞)𝑛

𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑘  ∑ 𝐹𝑛−𝑘
(𝑝−𝑘,𝑞)∞

𝑛=0 (2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)𝑡𝑛 

=∑ 𝐴𝑘
(𝑝,𝑞)𝑛

𝑘=0 (𝑥𝑗, 𝑦, 𝑟, 𝐶)𝑡𝑘𝑗  (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝−𝑞 [1 −
𝑟𝑟𝑦𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
−𝑞

 

=(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑝 [1 −
𝑟𝑟𝑦𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
−𝑞

∑ 𝐴𝑘
(𝑝,𝑞)𝑛

𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)
𝑡𝑘

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑘 

Thus 

(2.4) (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)−𝑝 [1 −
𝑟𝑟𝑦𝑡𝑠

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
𝑞

 

= ∑ 𝐴𝑘
(𝑝,𝑞)

∞

𝑘=0

(𝑥, 𝑦, 𝑟, 𝐶) [
𝑡

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑘
]

𝑘

 

Take t/(𝐶 − 2𝑥𝑡 + 𝑦𝑡2) = 𝑤 

Therefore 

(2.5) ∑ 𝐴𝑛
(𝑝,𝑞)∞

𝑛=0 (𝑥, 𝑦, 𝑟, 𝐶)𝑤𝑛 = (
𝑤

𝑡
)

𝑝
[1 − 𝑟𝑟𝑦𝑤𝑟]𝑞 

where 

http://www.ijrst.com/
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(2.6) 𝑡 =
2𝑥𝑤+1+√(2𝑥𝑤+1)2−4𝑦𝑐𝑤2

2𝑥𝑦
 

Thus 

(2.7) ∑ 𝐴𝑛
(𝑝,𝑞)∞

𝑛=0 (𝑥, 𝑦, 𝑟, 𝐶)𝑤𝑛 = [
2𝑥𝑤+1+√(2𝑥𝑤+1)2−4𝑦𝑐𝑤2

2𝑦𝑤2 ]
−𝑝

[1 − 𝑟𝑟𝑦𝑤𝑟]𝑞 

3. Applications of Generating Relation. An appeal to generating relation (2.7) gives 

(3.1) 𝐴𝑛

(𝑝+𝑝′,𝑞+𝑞′)
(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑘

(𝑝,𝑞)∞
𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝐴𝑛−𝑘

(𝑝′,𝑞′)
(𝑥, 𝑦, 𝑟, 𝐶), 

which can be generalized in the following form: 

(3.2) 𝐴𝑛
(𝑝1+⋯+𝑝𝑚,𝑞1+⋯+𝑞𝑚)

(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝐴𝑖1

(𝑝,𝑞)

∞

𝑖1+⋯+𝑖𝑚=𝑛

(𝑥, 𝑦, 𝑟, 𝐶)𝐴𝑖𝑚

(𝑝𝑚,𝑞𝑚)
(𝑥, 𝑦, 𝑟, 𝐶) 

An appeal to (2.7), further shows that 

(3.3) 𝐴𝑛
(𝑝,𝑞+1)

(𝑥, 𝑦, 𝑟, 𝐶) = 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶)−𝑟𝑟𝑦𝐴𝑛−𝑟
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) 

(3.4) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑟𝑘
(𝑝,𝑞)[𝑛/𝑟]

𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)(𝑟𝑟𝑦)𝑘, 

(3.5) 𝐴𝑛

(𝑝,𝑞−𝑞′)
(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑟𝑘

(𝑝,𝑞)𝑛
𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)

(𝑞′)𝑘(𝑟𝑟𝑦)𝑘

𝑘!
, 

(3.6) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘
(𝑝′,𝑞′)𝑛

𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝐴𝑘

(𝑝−𝑝′,𝑞−𝑞′)
(𝑥, 𝑦, 𝑟, 𝐶), 

and 

(3.7) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘
(𝑝−𝑝′,𝑞′)𝑛

𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝐴𝑘
(𝑝,𝑞−𝑞′)

(𝑥, 𝑦, 𝑟, 𝐶) . 

4. The Polynomials {𝑵𝒏
(𝒂,𝒃;𝒄,𝒅)(𝒙, 𝒚, 𝒓, 𝑪)/𝒏 = 𝟎, 𝟏, 𝟐, … }. 

Consider 

(4.1) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑘

(𝑎,𝑏)𝑛
𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝐹𝑛−𝑘

(𝑐−𝑘,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶), 

Therefore 

∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛 

= ∑ ∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)

𝑛

𝑘=0

𝐹𝑛−𝑘
(𝑐−𝑘,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛 

= ∑ ∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑘

∞

𝑘=0

𝐹𝑛
(𝑐−𝑘,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛 
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= ∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑘(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝐶−𝑘

∞

𝑘=0

[1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−𝑑

 

= [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−𝑑

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐 

∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)

∞

𝑘=0

[
𝑡

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

𝑘

 

Hence 

(4.2) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛∞

𝑛=0  

= (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝐶−𝑎 [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

(𝑑−𝑏)

 

= ∑ 𝐹𝑛
(𝑐−𝑎,𝑑−𝑏)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)𝑡𝑛

∞

𝑛=0

 

Thus 

(4.3) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶) = 𝐹𝑛

(𝑐−𝑎,𝑑−𝑏)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶). 

For a=c, (4.2) gives 

(4.4) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛 = [1 −

𝑟𝑟𝑦𝑡𝑟

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
𝑏−𝑑

 

For b=d, (4.2) gives 

(4.5) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛∞

𝑛=0 = (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐−𝑎. 

For a=c, b=d. 

(4.6) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛∞

𝑛=0 = 1 . 

  By an appeal to (4.2), we have 

∑ 𝑁𝑛

(𝑎+𝑎′ ,𝑏+𝑏′;𝑐+𝑐′,𝑑+𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛

∞

𝑛=0

 

= (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐+𝑐′−(𝑎+𝑎′) [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−[(𝑑+𝑑′−(𝑏+𝑏′)]

 

= (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐−𝑎 [1 −
𝑥𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−(𝑑−𝑏)

 

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2) [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−(𝑑′−𝑏′)

 

= ∑ 𝑁𝑘
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑁𝑛−𝑘

(𝑎′,𝑏′;𝑐′,𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑛

∞

𝑛=0
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Hence 

(4.7) 𝑁𝑘

(𝑎+𝑎′ ,𝑏+𝑏′;𝑐+𝑐′,𝑑+𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝑁𝑘
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)𝑁𝑛−𝑘

(𝑎′,𝑏′;𝑐′,𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶),

∞

𝑘=0

 

which can also be generalized in the form 

(4.8) 𝑁𝑘
(𝑎1+⋯+𝑎𝑛,𝑏1+⋯+𝑏𝑛;𝑐1+⋯+𝑐𝑛,𝑑1+⋯+𝑑𝑛)

(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝑛𝑖1

(𝑎1,𝑏1;𝑐1,𝑑1)
(𝑥, 𝑦, 𝑟, 𝐶) … 𝑁𝑖𝑚

(𝑎𝑚,𝑏𝑚;𝑐𝑚,𝑑𝑚)
(𝑥, 𝑦, 𝑟, 𝐶)

𝑖1+⋯+𝑖𝑚=𝑛

. 

  An appeal to generating relation (4.2) also shows that 

(4.9) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝑁𝑛−𝑘

(𝑎,𝑏′𝑎′,𝑏′)
(𝑥, 𝑦, 𝑟, 𝐶)𝑁𝑘

(𝑎,𝑏′;𝑐,𝑑)
(𝑥, 𝑦, 𝑟, 𝐶)∞

𝑘=0 . 

5. The Polynomials {𝑹𝒏
(𝒂,𝒃;𝒄,𝒅)(𝒙, 𝒚, 𝒓, 𝑪)/𝒏 = 𝟎, 𝟏, 𝟐, … }. 

Consider 

(5.1) 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘

(𝑎−𝑘,𝑏)𝑛
𝑘=0 (𝑥, 𝑦, 𝑟, 𝐶)𝐹𝑘

(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶). 

Therefore 

∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)

∞

𝑛=0

𝑤𝑛 

= ∑ ∑ 𝐴𝑛−𝑘
(𝑎−𝑘,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)

𝑛

𝑘=0

𝐹𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)

∞

𝑛=0

𝑤𝑛  

= ∑ 𝐹𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)𝑤𝑘

∞

𝑘=0

∑ 𝐴𝑛
(𝑎−𝑘,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)

∞

𝑛=0

𝑤𝑛 

= ∑ 𝐹𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝑟, 𝐶)𝑤𝑘

∞

𝑘=0

(
𝑤

𝑡
)

𝑎−𝑘

(1 − 𝑟𝑟𝑦𝑤𝑟)𝑏 

= (
𝑤

𝑡
)

𝑎

(1 − 𝑟𝑟𝑦𝑤𝑟)𝑏 ∑ 𝐹𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑟, 𝐶)𝑡𝑘

∞

𝑘=0

 

= (
𝑤

𝑡
)

𝑎

(1 − 𝑟𝑟𝑦𝑤𝑟)𝑏(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐 [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

𝑑

 

= (
𝑤

𝑡
)

𝑎

(1 − 𝑟𝑟𝑦𝑤𝑟)𝑏 (
𝑡

𝑤
)

𝑐

[1 − 𝑟𝑟𝑦𝑤𝑟]−𝑑 

 

[Here 
𝑡

𝐶−2𝑥𝑡+𝑦𝑡2 = 𝑤] 
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= (
𝑤

𝑡
)

𝑎−𝑐

[1 − 𝑟𝑟𝑦𝑤𝑟](−𝑑+𝑏) 

= ∑ 𝐴𝑛
(𝑎−𝑐,𝑏−𝑑)(𝑥, 𝑦, 𝑟, 𝐶)

∞

𝑛=0

𝑤𝑛 

Hence 

(5.3) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)∞

𝑛=0 = 𝐴𝑛
(𝑎−𝑐,𝑏−𝑑)(𝑥, 𝑦, 𝑟, 𝐶). 

For  C=a 

(5.4) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)∞

𝑛=0 𝑤𝑛 = [1 − 𝑟𝑟𝑦𝑤𝑟]𝑏−𝑑 

and for d=b 

(5.5) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶)∞

𝑛=0 𝑤𝑛 = (
𝑡

𝑤
)

𝑐−𝑎

 

= [
2𝑥𝑤 + 1 + √(2𝑥𝑤 + 1)2 − 4𝑦𝑐𝑤2

2𝑤2𝑦
]

𝑐−𝑎

 

For c=a, d=b, (5.2) gives 

(5.6) ∑ 𝑅𝑛
(𝑎,𝑏;𝑎,𝑏)(𝑥, 𝑦, 𝑟, 𝐶)∞

𝑛=0 𝑤𝑛 = 1. 

  Again by an appeal to generating relation (5.2), we derive 

(5.7) 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝑅𝑛−𝑘
(𝑎,𝑏;𝑒,𝑓)

(𝑥, 𝑦, 𝑟, 𝐶)𝑅𝑘
(𝑒,𝑓;𝑐,𝑑)

(𝑥, 𝑦, 𝑟, 𝐶),

𝑛

𝑘=0

 

(5.8) 𝑅𝑛

(𝑎+𝑎′ ,𝑏+𝑏′;𝑐+𝑐′,𝑑+𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝑅𝑘
(𝑎,𝑏;𝑒,𝑓)

(𝑥, 𝑦, 𝑟, 𝐶)𝑅𝑛−𝑘

(𝑎′ ,𝑏′;𝑐′ ,𝑑′)
(𝑥, 𝑦, 𝑟, 𝐶),

𝑛

𝑘=0

 

. 

  An appeal to generating relation (4.2) also shows that 

(5.9) 𝑅𝑛
(𝑎1+⋯+𝑎𝑚,𝑏1+⋯+𝑏𝑚;𝑐1+⋯+𝑐𝑚,𝑑1+⋯+𝑑𝑚)

(𝑥, 𝑦, 𝑟, 𝐶) 

= ∑ 𝑅𝑖1

(𝑎1,𝑏1;𝑐1,𝑑1)
(𝑥, 𝑦, 𝑟, 𝐶) … 𝑅𝑖𝑚

(𝑎𝑚,𝑏𝑚;𝑐𝑚,𝑑𝑚)
(𝑥, 𝑦, 𝑟, 𝐶),

𝑖1+⋯+𝑖𝑚=𝑛

 

6. Polynomials {𝑨𝒏
(𝒑,𝒒)

(𝒙, 𝒚, 𝒓, 𝑪)/𝒏 = 𝟎, 𝟏, 𝟐, … }. 

Consider 

(6.1) ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶)𝑛
𝑘=0 𝑀𝑛−𝑘

(𝑝−𝑘,𝑞)
(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶) = 0 
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and 

(6.2) 𝐴0
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶) = 1 

Therefore, 

1 = ∑ 𝑡𝑛 ∑ 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶)

𝑛

𝑘=0

𝑀𝑛−𝑘
(𝑝−𝑘,𝑞)

(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

∞

𝑛=0

 

= ∑ ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑟, 𝐶)

𝑛

𝑘=0

𝑀𝑛
(𝑝−𝑘,𝑞)

(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛+𝑘 

= ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑘

∞

𝑘𝑖=0

∑ 𝑀𝑛
(𝑝−𝑘,𝑞)

(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)𝑡𝑛

∞

𝑛=0

 

= ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑘

∞

𝑘=0

(𝐶 − 𝑚𝑥𝑡 + 𝑦𝑡2)𝑝−𝑘 [1 −
𝑟𝑟𝑦𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
] 

Hence 

(6.3) (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)−𝑝 [1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
𝑞

 

= ∑ 𝐴𝑘
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)
𝑡𝑘

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑘
 ,

∞

𝑘=0

 

Therefore, generating relation for 𝐴𝑛
(𝑝,𝑞)

 is  

(6.4) (
𝑤

𝑡
)

𝑝
[1 − 𝑧𝑟𝑟𝑤𝑟]𝑞 = ∑ 𝐴𝑛

(𝑝,𝑞)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)∞

𝑛=0 𝑤𝑛 

where 

(6.5) 
𝑡

𝐶−2𝑥𝑡+𝑦𝑡2 = 𝑤. 

The generating relation (6.4) can also be written as 

(6.6) ∑ 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)∞
𝑛=0 𝑤𝑛 

= [
2𝑥𝑤 + 1 + √(2𝑥𝑤 + 1)2 − 4𝑦𝑐𝑤2

2𝑤2𝑦
]

−𝑝

[1 − 𝑟𝑟𝑧𝑤𝑟]𝑞 

  7. Applications of generating relation (6.6). An appeal to generating relation (6.6) shows that 

(7.1) 𝐴𝑛

(𝑝+𝑝′,𝑞+𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑙

(𝑝−𝑞)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑛

𝑘=0 𝐴𝑘

(𝑝′,𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶), 

(7.2) 𝐴𝑛
(𝑝1+⋯+𝑝𝑚,𝑞1+⋯+𝑞𝑚)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝐴𝑘1

(𝑝,𝑞1)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) … 𝐴𝑘𝑚

(𝑝𝑚,𝑞𝑚)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶),

𝑘1+⋯+𝑘𝑚=𝑛
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(7.3) 𝐴𝑛

(𝑝,𝑞−𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑟𝑘

(𝑝,𝑞) (𝑞′)
𝑞

(𝑟𝑟𝑧)𝑘

𝑘!

[𝑛/𝑟]
𝑘=0  

(7.4) 𝐴𝑛
(𝑝,𝑞+1)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) − 𝑟𝑟𝑧𝐴𝑛−𝑟
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶), 

(7.5) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘

(𝑝−𝑝′,𝑞−𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑛

𝑘=0 𝐴𝑘

(𝑝′,𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

(7.6) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘

(𝑝−𝑝′,𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑛

𝑘=0 𝐴𝑘

(𝑝,𝑞−𝑞′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

and 

(7.7) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛−𝑘
(𝑞,𝑝)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑛
𝑘=0 𝐴𝑘

(𝑝−𝑞,𝑞−𝑝)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶). 

  8. Differentiation and Applications. 

 Differentiating (6.4) partially with respect to z, we have 

(8.1) 
𝜕

𝜕𝑧
𝐴𝑛

(𝑝,𝑞)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = −𝑞𝑟𝑟𝐴𝑛−𝑟

(𝑝,𝑞−1)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶). 

Hence by iteration, we obtain 

(8.2) 
𝜕𝑚

𝜕𝑧𝑚 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= (−1)𝑚𝑞(𝑞 − 1) … (𝑞 − 𝑚 + 1)𝐴𝑛−𝑟𝑚
(𝑝,𝑞−𝑚)

(𝑥, 𝑦,
1

𝑧
, 𝑟, 𝐶). 

Replacing z by 1/z, we have 

(8.3) (𝑧2 𝜕

𝜕𝑧
)

𝑚

𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= 𝑞(𝑞 − 1) … (𝑞 − 𝑚 + 1)𝐴𝑛−𝑟𝑚
(𝑝,𝑞−𝑚)

(𝑥, 𝑦,
1

𝑧
, 𝑟, 𝐶). 

Therefore 

(8.4) 𝑒𝑡Ω𝑧 {𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)} 

= ∑ 𝐴𝑛−𝑟𝑚
(𝑝,𝑞−𝑚)

(𝑥, 𝑦,
1

𝑧
, 𝑟, 𝐶) .

𝑚𝑖𝑛([𝑛/𝑟],𝑞)

𝑚=0

(
𝑞
𝑚

) 𝑟𝑚𝑡𝑚 

where Ω ≡ 𝑧2 𝜕

𝜕𝑧
. 

Now making an appeal to 

(8.5) 𝑒𝑡Ω𝑧{𝑓(𝑧)} = 𝑓(𝑧/(1 − 𝑡)), 

we derive from (8.4) 

(8.6) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧 − 𝑡, 𝑟, 𝐶) = ∑ 𝑡𝑚 (
𝑞
𝑚

) 𝑟𝑟𝑚
𝐴𝑛−𝑟𝑚

(𝑝,𝑞−𝑚)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶).

𝑚𝑖𝑛([𝑛/𝑟],𝑞)
𝑚=0  

  Now taking z=0 and replacing t by (–z), we derive 
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(8.7) 𝐴𝑛
(𝑝,𝑞)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝑧𝑚 (
𝑞
𝑚

) 𝑟𝑟𝑚
𝐴𝑛−𝑟𝑚

(𝑝,𝑞−𝑚)
(𝑥, 𝑦, 0, 𝑟, 𝐶),

𝑚𝑖𝑛([𝑛/𝑟],𝑞)
𝑚=0  

which can also be obtained by Maclaurine’s series expansion. 

9. The Polynomials {𝑵𝒏
(𝒂,𝒃,𝒄,𝒅)(𝒙, 𝒚, 𝒓, 𝑪)/𝒏 = 𝟎, 𝟏, 𝟐, … }. 

Consider 

(9.1) 𝑁𝑘
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = ∑ 𝐴𝑛

(𝑎,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑛
𝑘=0  𝑀𝑛−𝑘

(𝑐−𝑘,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶) 

Therefore, 

∑ 𝐴𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑛

∞

𝑛=0

 

= ∑ ∑ 𝐴𝑛
(𝑎,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

𝑛

𝑘=0

𝑀𝑛−𝑘
(𝑝−𝑘,𝑑)

(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛 

= ∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

∞

𝑘=0

𝑡𝑘 ∑ 𝑀𝑛
(𝑐−𝑘,𝑞)

(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)

∞

𝑛=0

𝑡𝑛 

= ∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑘

∞

𝑘=0

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐−𝑘 

[1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−𝑑

 

= (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐 [1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−𝑑

 

∑ 𝐴𝑘
(𝑎,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

∞

𝑘=0

[
1

𝐶 − 2𝑥𝑡 + 𝑦𝑡2
]

𝑘

 

Now making an appeal to (6.3), we derive 

(9.2) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) ∞

𝑘=0  

= (𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐−𝑎 [1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−(𝑑−𝑏)

 

= ∑ 𝑀𝑛
(𝑐−𝑎,𝑑−𝑏)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)𝑡𝑛 ,

∞

𝑛=0

 

Hence 

(9.3) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = 𝑀𝑛

(𝑐−𝑎,𝑑−𝑏)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶) 

For a=c (9.2) gives 

(9.4) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑛 ∞

𝑛=0 =[1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶−2𝑥𝑡+𝑦𝑡2)𝑟]
𝑏−𝑑
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for d=b, (9.2) gives 

(9.5) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑛 ∞

𝑛=0 =(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐−𝑎 

Again if a=c, b=d, we derive from (9.2) 

(9.6) ∑ 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑡𝑛 = 1 ∞

𝑛=0  

 Further, making an appeal to generating relation (9.2), we establish 

(9.7) 𝑁𝑛

(𝑎+𝑎′ ,𝑏+𝑏′;𝑐+𝑐′,𝑑+𝑑′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝑁𝑘
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 𝑁𝑘

(𝑎′,𝑏′;𝑐′,𝑑′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶),

∞

𝑛=0

 

which can be further generalized in the form 

(9.8) 𝑁𝑛
(𝑎1+⋯+𝑎𝑛,𝑏1+⋯+𝑏𝑛;𝑐1+⋯+𝑐𝑛,𝑑1+⋯+𝑑𝑛)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝑁𝑖1

(𝑎1,𝑏1;𝑐1,𝑑1)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) … 𝑅𝑖𝑚

(𝑎𝑚,𝑏𝑚;𝑐𝑚,𝑑𝑚)
(𝑥, 𝑦, 𝑟, 𝐶).

𝑖1+⋯+𝑖𝑚=𝑛

 

Again starting with generating relation (9.2), we can further derive 

(9.9) 𝑁𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

=  ∑ 𝑁𝑛−𝑘

(𝑎,𝑏;𝑎′,𝑏′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

∞

𝑘=0

𝑁𝑘

(𝑎′,𝑏′;𝑎,𝑏)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

10. The Polynomials {
𝑹𝒏

(𝒂,𝒃,𝒄,𝒅)
(𝒙,𝒚,𝒛,𝒓,𝑪)

𝒏
= 𝟎, 𝟏, 𝟐, 𝟑, … }. 

Consider 

(10.1) 𝑅𝑘
(𝑎,𝑏,𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝐴𝑛−𝑘
(𝑎−𝑘,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)

𝑛

𝑘=0

 𝑀𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶) 

Therefore, 

∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛

∞

𝑛=0

 

= ∑ ∑ 𝐴𝑘
(𝑎−𝑘,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛

∞

𝑛=0

𝑀𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)

∞

𝑘=0

𝑤𝑘 

= ∑ 𝑀𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)

∞

𝑘=0

𝑤𝑘 (
𝑤

𝑡
)

𝑎−𝑘

(1 − 𝑧𝑟𝑟𝑤𝑟)𝑏 

[by (6.4)] 
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= (
𝑤

𝑡
)

𝑎

(1 − 𝑧𝑟𝑟𝑤𝑟)𝑏 ∑ 𝑀𝑘
(𝑐,𝑑)(2, 𝑥, 𝑦, 𝑧, 𝑟, 𝑟, 𝐶)

∞

𝑘=0

𝑡𝑘 

= (
𝑤

𝑡
)

𝑎

(1 − 𝑧𝑟𝑟𝑤𝑟)𝑏(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑐 [1 −
𝑟𝑟𝑧𝑡𝑟

(𝐶 − 2𝑥𝑡 + 𝑦𝑡2)𝑟
]

−𝑑

 

= (
𝑤

𝑡
)

𝑎

(1 − 𝑧𝑟𝑟𝑤𝑟)𝑏 (
𝑡

𝑤
)

𝑐

[1 − 𝑧𝑟𝑟𝑤𝑟]−𝑑 

Therefore 

(10.2) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛∞

𝑛=0 = (
𝑤

𝑡
)

𝑎−𝑐
(1 − 𝑧𝑟𝑟𝑤𝑟)𝑏 

which by an appeal to (9.6) gives 

(10.3) 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) = 𝐴𝑛

(𝑎−𝑐,𝑏−𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

For a=c, (10.2) gives 

(20.4) ∑ 𝑅𝑛
(𝑎,𝑏;𝑎,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛 ∞

𝑛=0 =[1 − 𝑧𝑟𝑟𝑤𝑟]𝑏−𝑑 

and for b=d, (10.2) gives 

(10.5) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑏)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛 ∞

𝑛=0 =(
𝑡

𝑤
)

𝑐−𝑎

 

= [
2𝑥𝑤 + 1 + √(2𝑥𝑤 + 1)2 − 4𝑦𝑐𝑤2

2𝑤2𝑦
]

𝑐−𝑎

 

while for c=a, d=b, (10.2) gives 

(10.6) ∑ 𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶)𝑤𝑛 = 1 ∞

𝑛=0  

 Making an appeal to generating relation (10.2), we derive 

(10.7)  𝑅𝑛
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝑅𝑛−𝑘
(𝑎,𝑏;𝑒,𝑓)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 𝑅𝑘
(𝑒,𝑓;𝑐,𝑑)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶),

𝑛

𝑘=0

 

and 

(10.8) 𝑅𝑛

(𝑎+𝑎′ ,𝑏+𝑏′;𝑐+𝑐′,𝑑+𝑑′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 

= ∑ 𝑅𝑛−𝑘
(𝑎,𝑏;𝑐,𝑑)(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 𝑅𝑘

(𝑎′,𝑏′;𝑐′,𝑑′)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶).

𝑛

𝑘=0

 

Here (10.8) may be further generalized in the form: 

(10.9) 𝑅𝑛
(𝑎1+⋯+𝑎𝑚,𝑏1+⋯+𝑏𝑚;𝑐1+⋯+𝑐𝑚,𝑑1+⋯+𝑑𝑚)

(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) 
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= ∑ 𝑁𝑖1

(𝑎1,𝑏1)
(𝑥, 𝑦, 𝑧, 𝑟, 𝐶) … 𝑅𝑖𝑚

(𝑎𝑚,𝑏𝑚)
(𝑥, 𝑦, 𝑟, 𝐶).

𝑖1+⋯+𝑖𝑚=𝑛
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